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TANGENT LIFTING OF DEFORMATIONS IN MIXED
CHARACTERISTIC
T. EKEDAHL AND N. I. SHEPHERD-BARRON
Abstrat. This artile presents a new approah to the unobstrutedness
result for deformations of Calabi-Yau varieties by introduing the tangent
lifting property for a funtor on artinian loal algebras. The veriation that
the deformation funtor of a Calabi-Yau variety in harateristi 0 fullls the
tangent lifting property uses, just as the veriation of the T
1
-lifting property,
the degeneration of the Hodge to de Rham spetral sequene. Our main use
of our methods is however to the mixed harateristi ase. In that ase to be
able to verify the onditions needed one needs an extension of the riterion
introduing divided powers.
Fix a omplete noetherian loal ring Λ with residue eld k, and denote by
CΛ, respetively ĈΛ, the ategory of Artin, respetively omplete, loal Λ-algebras
with residue eld k. Suppose that F is a semi-homogeneous obered groupoid (f.
[SGA7I℄) over CΛ suh that F (k) is equivalent to a point so that F := π0F , the fun-
tor of isomorphism lasses of objets of F , has a hull R, say. Dene An = k[t]/(t
n+1)
and Bn = An[ǫ]/(ǫ
2). Then F is said to have the T 1-lifting property if the natural
map F (Bn+1) → F (Bn) ×F (An) F (An+1), where the bre produt is the 2-bre
produt, is essentially surjetive. Ran ([R92℄), Kawamata ([K92℄) and Fantehi
and Manetti ([FM99℄) have shown that if Λ = k and chark = 0, then R is for-
mally smooth over k if F has the T 1-lifting property. (The T 1-lifting property
an also be phrased as follows. Given X ∈ F (A), dene T 1(X/A) as the set
of isomorphism lasses of pairs (Y, ψ), where Y ∈ F (A[ǫ]) and ψ is an isomor-
phism ψ:Y|A → X . Then the T
1
-lifting property is equivalent to the surjetivity of
T 1(Xn/An) → T
1(Xn−1/An−1).) Moreover, the T
1
-lifting property is satised by,
e.g., deformations of Calabi-Yau varieties.
In this artile we propose an approah to the question of whether R is for-
mally smooth that puts dierent onditions on the funtor. Even though this ap-
proah gives a new proof of the unobstrutedness for deformations of Calabi-Yau
varieties we shall mainly be interested in the ase when Λ has mixed harateristi
or has positive harateristi. Roughly speaking, in the mixed ase this involves
proving smoothness by (1) lifting the whole tangent spae at one, rather than ex-
tending a given tangent diretion, and (2) assuming the existene of some lifting to
har. zero. For deformations of Calabi-Yau varieties (dened as smooth varieties
with trivial dualizing sheaf) in harateristi zero the fat that these onditions are
fullled follows in the same way as the T 1-lifting property but make the veria-
tion of smoothness simpler. They are inspired by the fat that in harateristi
zero lifting of tangent vetors to vetor elds implies smoothness, a fat that is
entral in, for instane, Cartier's proof that a group sheme in harateristi zero
is smooth. Our approah has the added advantage of not requiring that F omes
from a obered groupoid (in pratie this seems almost always to be the ase so it
is not lear how great an advantage that is) and hene unless expliitly stated we
shall assume only that F is a funtor from CΛ to the ategory of sets. We shall say
that F has the tangent lifting property (abbreviated to TLP) if for all A ∈ CΛ the
natural map F (A[ǫ])→ F (A)× F (k[ǫ]) is surjetive.
Remark: (1) It is not lear to us what the preise logial relations between the
notions of T 1-lifting and tangent lifting are, although in harateristi zero T 1-
lifting implies tangent lifting a posteriori as tangent lifting is true when the hull
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is smooth. It should also be noted that the reason that we do not need to assume
that F has an underlying groupoid for the tangent lifting property is that ontrary
to the ase of T 1-lifting only the produt F (A) × F (k[ǫ]) and no bre produt is
involved.
(2) Shröer [S01℄ has results similar to the ones presented here, but with
stronger assumptions. Just as our approah gives an alternative in the harateristi
zero to previous ones our method gives a new approah independent of Shröer's in
the mixed harateristi ase. See the remark after Theorem C below for a more
thorough explanation.
A rst re-formulation of this ondition is given in the following lemma.
Lemma 0.1 When F is π0F of a obered groupoid the tangent lifting property
is equivalent to the surjetivity of T 1(X/A)→ T 1(X0/k) for all X ∈ F (A).
PROOF: Consider the restrition map π : F (A[ǫ]) → F (A). Then for any X ∈
F (A), there is a forgetful map T 1(X/A) → π−1(X) and this map is surjetive.
Sine T 1(X0/k) is identied with F (k[ǫ]), the lemma is now (even more) obvious.
If X0 is a smooth variety either in har. zero or in har. p and F is the defor-
mation groupoid we may identify T 1(X/A) with H1(X,TX/A), whih is isomorphi
to H1(X,Ωn−1X/A) provided that ωX/A is trivial. Thus the tangent lifting ondition
may be analysed through Hodge ohomology. In partiular it is always fullled for
Calabi-Yau varieties (that is, those for whih ω is trivial) in harateristi zero.
More generally, the deformation funtor of a omplete smooth variety X0 has the
tangent lifting property if and only if for every deformation f :X → SpecA the
speialization homomorphism R1f∗TX/A → H
1(X0, TX0) is surjetive.
Notation: We shall abuse language by failing to distinguish between smoothness
and formal smoothness, derivations and ontinuous derivations, and dierentials
and ontinuous dierentials. We shall furthermore, for a sheaf of rings O let O[ǫ]
denote O[x]/(x2), where ǫ is the residue of x. Similarly if X is a sheme we put
X [ǫ] := SpecO[ǫ].
To avoid onfusion in the ase where the involved shemes are non-redued let
us make expliit that we say that a map f :X → S of (formal) shemes is dominant
if the indued map f−1OS → OX is injetive.
We shall show that the tangent lifting property for F is equivalent to a
tangent lifting property for a deformation hull, namely that any tangent vetor
(at the losed point) lifts to a vetor eld. In harateristi zero this immediately
implies that R is formally smooth whereas in positive harateristi it implies that
dening equations for R an be assumed to be p'th powers. Just as in [S01℄, in the
ase of mixed harateristi we shall need to have at least one lifting to harateristi
zero. Sine this involves rings in ĈΛ rather than CΛ, we make a onvention: Given
a funtor F : CΛ → Sets and R ∈ ĈΛ, we write R = lim←−
Aα, with Aα ∈ CΛ, and
then dene F (R) to be the set of pro-objets {ξα ∈ F (Aα)}.
Theorem A Assume that F has the tangent lifting property and let R be a hull
for it.
(1) If Λ ontains Q, then R is smooth.
(2) If Λ = k a eld and chark = p > 0, then R ∼= k
[
[x1, . . . , xn]
]
/(f1, . . . , fr)
for some fi in the maximal ideal of k
[
[x1, . . . , xn]
]
that are of the form fi =
gi(x
p
1, . . . , x
p
n). In partiular, if k is perfet and SpecR is generially redued,
then it is smooth.
(3) If Λ is torsion free and f : Λ → Λ1 is an injetive loal map in ĈΛ suh
that F (Λ1) is non-empty, then R is formally smooth over Λ.
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To give the reader some feeling for this result let us quikly sketh the proof in
harateristi zero: The tangent lifting means that every horizontal tangent vetor
lifts to a horizontal vetor eld, i.e., to a Λ-derivation. By a result of Zariski,
Lipman and Nagata this implies that R is smooth.
Atually the result of these authors is more general in that they give a stru-
ture result when only some tangent vetors lift. An analogous result would be po-
tentially useful also in mixed and positive harateristi and we do indeed present
suh results (and we will in fat make use of the positive harateristi version in a
forthoming artile).
When trying to apply this theorem to deformations of Calabi-Yau varieties in
mixed or positive harateristi we are faed with the problem that the harateristi
zero proof uses the Gauss-Manin onnetion on de Rham ohomology to show that
the de Rham ohomology is onstant over innitesimal thikenings. However, this
onstany is in general true only for divided power innitesimal thikenings. To
overome this we shall introdue the notion of the divided power tangent lifting
property that requires the lifting property only for those A that have a divided
power struture on their maximal ideals (ompatible with a given suh struture on
mΛ). In the mixed harateristi situation we again need at least one lifting over
some loal Λ-algebra Λ1 that is slightly ramied . This is dened in the next setion;
for the moment, we just remark that a omplete DVR of mixed harateristi p is
slightly ramied over Zp if and only if the absolute ramiation index e satises
e < p.
For the positive harateristi ase, we dene for an ideal I in a ring, I(p)
to be the ideal generated by all p'th powers of I. We then say that a map of loal
rings (Λ,mΛ)→ (R,mR) with m
(p)
Λ = 0 in harateristi p is height 1 smooth if for
some n R/m(p) ∼= Λ[t1, . . . , tn]/(t1, . . . , tn)
(p)
.
Theorem B Assume that F (with hull R) fullls the divided power tangent lifting
property.
(1) If pΛ = 0 and m
(p)
Λ = 0 then Λ→ R is height 1 smooth.
(2) If Λ is torsion free and f : Λ → Λ1 is a slightly ramied map in ĈΛ suh
that F (Λ1) is non-empty, then R is smooth over Λ.
Remark: The arguments used in the proof of this fore us to permit Λ to be a
pro-artinian loal ring with residue eld k rather than a omplete noetherian loal
ring. The details of these are disussed by Gabriel, who alls them pseudo-ompat
rings, in [Ga70℄.
The theory of rystalline ohomology allows us to imitate the harateristi
zero proof of the tangent lifting property to obtain the following result where we
for simpliity have restrited Λ to be a ring of Witt vetors. (To repeat, in the ase
of harateristi zero we merely reover a known result).
Theorem C Let X be a smooth and proper purely n-dimensional variety over a
perfet eld k with ωX trivial. Let R be a hull for the deformation funtor of X
either over k or, when chark > 0 also over W = W(k).
(1) If chark = 0 then R is formally smooth.
(2) If chark > 0, dimkH
n
DR(X/k) =
∑
i+j=n h
ij(X), and R is the hull for
deformations over k, then R is height 1 smooth.
(3) If chark > 0, bn(X) = H
n
DR(X/k) =
∑
i+j=n h
ij(X) and there exists a
lifting ofX to a slightly ramiedW-algebra then R is a formally smoothW-algebra.
Remark: Shröer has proved a result that is related to the third part [S01℄. The
dierene is that he requires the lifting to be done already over W and that he
does not speify any onrete onditions that makes his ondition on the atness
of rystalline ohomology to be fullled (whih we have done through the ondition
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on Hodge and Betti numbers). Also, it is interesting to notie that his approah is
based on the T 1-lifting riterion rather than tangent lifting, as here.
This result may be ombined with our results on the tangent lifting property
as well as some global arguments to prove the following result.
Theorem D Let k be a perfet eld of harateristi p > 0.
(1) Let f :X → S be an everywhere versal family of smooth and proper
purely n-dimensional varieties over a nite type k-sheme S for whih ωXs is trivial
and dimk(s)H
n
DR(Xs/k(s)) =
∑
i+j=n h
ij(Xs) for all s ∈ S. Then the smooth lous
of S is open and losed.
(2) Let f :X → S be an everywhere versal family of smooth and proper
purely n-dimensional varieties with S a nite type W(k)-sheme for whih ωXs is
trivial and bn(Xs/k(s)) =
∑
i+j=n h
ij(Xs) for all s ∈ S, S := S
⊗
Z/p. Then the
intersetion of the smooth lous of S with S equals the intersetion of the losure
of S
⊗
W[1/p] with the smooth lous of S. In partiular the smooth lous of S is
open and losed.
For the reader's onveniene let us point out that Theorems A and B are
proved after Proposition 3.1, Theorem C after Proposition 4.2 and Theorem D
after Proposition 4.3.
1 Divided power envelopes and some ompletions
In this setion rings will not neessarily be noetherian. In partiular, loal ring
will merely mean a ring with a unique maximal ideal.
Reall (a omplete referene for this is well as other standard fats on divided
powers is [Be74℄) that a pair (R, I) of a ommutative ring and an ideal in it is a
divided power pair if there are maps γn: I → R fullling the relations expeted of
maps imitating the operations x 7→ xn/n!. For any map of pairs (S, J) → (R, I)
suh that (S, J) is a divided power pair we an dene its divided power hull Γ(R, I)
whih is universal for maps of the pair into a divided power pair whose omposite
with (S, J)→ (R, I) is a divided power pair. Here, (S, J) is understood; for example,
(S, J) might be (Z, 0). Note that we always have n!xn = γn(x) so that the divided
power hull maps to the subring of R
⊗
Q generated by R and the elements xn/n!
for all x ∈ I. If R is the polynomial ring Λ[x1, . . . , xn] for some torsion free ring Λ
and I = (x1, . . . , xn) then this map is an isomorphism. By funtoriality this gives a
desription of the divided power hull for any pair (R, I). If J is a subset ontained
in I we dene the n'th divided power ideal of J , J [n], as the ideal generated by
the elements γn1(x1) . . . γnk(xk) for n1 + . . . + nk ≥ n. This is the smallest ideal
ontaining J and stable under the γk. (Note that even if J is an ideal J
[1]
is in
general distint from J .)
There are various topologial onstrutions that we an now make.
Denition-Lemma 1.1 (1) Suppose that (R, I) is a DP pair where R is a topo-
logial ring, I is a losed ideal and the γk are ontinuous. If J ⊆ I is a subset
the J-DP-adi ompletion of (R, I) is the ompletion Rˆ in the topology dened by
losure of the divided power ideals J [k]. If Iˆ is the image of I in this ompletion
then (Rˆ, Iˆ) is (ontinuous) divided power pair.
(2) If (R,mR) is a loal ring with a divided power struture its pro-artinian
ompletion is the ompletion in the topology dened by the olletion of divided
power ideals of nite olength ontained in the maximal ideal. (Note that to us a
loal ring will not neessarily be noetherian.)
(3) If (R,mR) is a loal ring then its pro-artinian DP-ompletion is the pro-
artinian ompletion of its divided power hull Γ(R,mR). It will be denoted Γˆ(R,mR).
This is anonially isomorphi to the inverse limit of the inverse system onsisting
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of nite artin R-algebras with a DP struture on their maximal ideals, where the
homomorphisms in the system are DP-homomorphisms. It is also anonially iso-
morphi to the pro-artinian DP-ompletion of the mR-adi ompletion of R.
(4) If (R,mR) is a loal ring and I an ideal in R, then its I-DP-nilpotent pro-
artinian DP-ompletion ΓˆI(R,mR) is the quotient of Γˆ(R,mR) by the intersetion of
all the ideals I [n]. This is anonially isomorphi to the inverse limit of the inverse
system onsisting of nite artin R-algebras with a DP struture on their maximal
ideals in whih the image of I is DP-nilpotent, where again the homomorphisms in
the system are DP-homomorphisms. This ring is unhanged if (R,mR) is replaed
by its mR-adi ompletion.
Remark: (1) Even if we start with a noetherian ring, its DP envelopes and their
various ompletions dened above are not usually noetherian. This might ast doubt
on some of our arguments. However, these ompletions are pro-artinian, and the
modules over them that we shall onsider will also be pro-artinian. This will allow
redution to the artinian ase. For the details of these fats, espeially Nakayama's
lemma, we refer to [Ga70℄.
(2) The pro-artinian DP-ompletion is not always funtorial but it will be
suiently often, as shown by the next lemma.
Lemma 1.2 A loal map of loal rings f : R → S for whih the residue eld ex-
tension is nite extends to a ontinuous map between pro-artinian DP-ompletions.
If I, J are ideals of R,S with f(I) ⊂ J , then the same holds for the nilpotent
DP-ompletions.
PROOF: If S → A is a ring homomorphism where A has nite length as S-module
whose maximal ideal has a divided power struture then it is of nite length as an
R-module. The seond part is easy.
Remark: The map Fp[ǫ] → Fp(t)[ǫ] that takes ǫ to ǫt and Fp to Fp(t) does not
have a ontinuous extension to the pro-artinian DP-ompletions. In fat there is a
unique divided power struture on Fp(t)ǫ for whih γp(λǫ) = λ
pǫ. The kernel of the
indued map Γ(Fp[ǫ],Fp[ǫ]ǫ)→ Fp(t)[ǫ] does not have a kernel of nite olength, in
fat γnp (ǫ) maps to t
pnǫ whih are Fp-linearly independent.
Denition 1.3 A loal homomorphism (Λ,mΛ)→ (Λ1,mΛ1) is slightly ramied if
the omposite homomorphism Λ → Γˆ(Λ1,mΛ1) is injetive. Otherwise the map is
highly ramied.
We illustrate this with some examples.
Lemma 1.4 A loal homomorphism (Λ,mΛ)→ (Λ1,mΛ1) of DVRs of mixed har-
ateristi p is slightly ramied if and only if e1 < p, where e1 is the absolute
ramiation index e1 of Λ1.
PROOF: This is an easy onsequene of the well known fat that Λ1 has a DP
struture on its maximal ideal if and only if e1 < p.
Lemma 1.5 Suppose that Λ→ Λ1 → Λ2 are loal homomorphisms of loal rings
suh that Λ1 → Λ2 indues a nite extension of residue elds. If Λ→ Λ2 is slightly
ramied, then so is Λ→ Λ1.
PROOF: By (1.2) the sequene of homomorphisms Λ → Λ1 → Λ2 maps to a se-
quene Λ → Γˆ(Λ1,mΛ1) → Γˆ(Λ2,mΛ2) where the omposite Λ → Γˆ(Λ2,mΛ2) is
injetive. Then Γˆ(Λ2,mΛ1) is also injetive.
Now let W denote a Cohen ring for the eld k of harateristi p.
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Lemma 1.6 Suppose that the omplete loal domain R is nite over W, with
ramiation index e. Suppose that R has normalization O and that p = u.πe, with
π a uniformizer in O and u a unit. Say mR.O = π
c.O. Then W → R is slightly
ramied if e < cp.
PROOF: Put S = W + πc.O, a subring of O ontaining R. Then R → S is nite
and it is enough to show that W → S is slightly ramied. For this, it is enough
to show that (S,mS) has a DP struture. Note that mS = π
c.O, so that (S,mS)
has a DP struture if and only if (O, πc.O) does. But this holds if and only if
vp(π
c) > 1/p, whih translates as e < cp.
Corollary 1.7 W
[
[x]
]
/(pa − xb) is slightly ramied over W if b < ap.
PROOF: First, assume that a, b are oprime. Then x = πa and p = πb. Then e = b
and c = min(a, b).
In general, write a = ha1 and b = hb1, where h = HCF (a, b). Put R =
W
[
[x]
]
/(pa − xb) and R1 = W
[
[x]
]
/(pa1 − xb1). Then we have just shown that
W → R1 is slightly ramied, so that W → R is slightly ramied by (1.5).
Corollary 1.8 If min(b, d) < ap, then A := W
[
[x, y]
]
/(pa − xb − yd) is slightly
ramied over W.
PROOF: There are surjetions A → W
[
[x]
]
/(pa − xb) and A → W
[
[y]
]
/(pa − yd).
Now use (1.7) and (1.5).
In partiular, the E8 singularities R = Z2
[
[x, y]
]
/(2a − xb − yd), where
{a, b, d} = {2, 3, 5}, are slightly ramied over Z2, although in eah ase every DVR
that is nite over R and entered at the maximal ideal is highly ramied over Z2.
2 Smooth foliations
In this setion we shall study a ondition on rings that will arise as a onsequene
of assuming the TLP or the DPTLP on a deformation funtor. We have in mind
appliations of these idea to situations outside of those that will appear in the
present paper and hene the setting will be more general than would be needed our
urrent purposes.
We are going to use an argument of Zariski, Lipman and Nagata in several
slightly distint situations and the next result is our attempt to extrat the essene of
their argument in order to be able to apply it to the dierent situations. Curiously
enough our result has no diret relation with the original argument and instead
appears as a result on group ations (whih is essentially well known but we have
not been able to nd a referene whih would diretly apply to our situation).
Lemma 2.1 Suppose that C is a ategory with bre produts, G a group objet
in C and G × X → X an ation of G on X ∈ ob(C). Assume that we have an
equivariant map s:X → G, where G ats on itself by left multipliation. Dene Y
to be the pullbak of s along the identity and h:G× Y → X to be the omposite of
the inlusion G×Y → G×X with the ation of G on X . Then h is a G-equivariant
isomorphism, where G ats on G× Y by left multipliation on the rst fator and
trivially on Y and s = prG ◦ h
−1
, where prG : G× Y → G is the projetion.
PROOF: (We shall use set-theoreti notation whih an be translated into a proof
using only the given struture maps at will.) Dene t:X → Y by t(x) = s(x)−1x,
whih maps into Y as s(t(x)) = s(s(x)−1x) = s(x)−1 · s(x) = e. We then have the
map (s, t):X → G× Y whih is easily seen to be the inverse to h.
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Corollary 2.2 With the notation and assumptions of (2.1) assume also that C
is the ategory of (formal) shemes. Then h−1 ◦ prY :X → Y is a quotient by the
ation of G on X .
We shall need to generalise the notion of a smooth (height 1) foliation from
the ase of a smooth variety disussed in [Ek86℄ to the ase of singular varieties.
Just as in that ase the theory is very dierent in the ase of harateristi zero and
positive harateristi and this will soon be apparent. Our rst denition however
works in any harateristi.
Let f :X → S be a morphism of nite type of noetherian (formal) shemes.
Assume that for every losed point of X the residue eld extension of the image
of the point in S and that of the point itself is separable (to us a separable eld
extension will be algebrai).
Denition 2.3 (1) A smooth foliation on f is a subsheaf F of the tangent sheaf
TX/S of the sheaf of (ontinuous) S-derivations of X suh that the indued map
F
⊗
OX
k(x)→ Homk(x)(mx/ms+m
2
x,k(x)) is injetive for all points x of X , where
s := f(x), and suh that F is losed under ommutators. Moreover, if S is over
a eld of positive harateristi p, then we demand that F be losed under p'th
powers.
(2) If Z →֒ X is a losed subsheme then F is transverse to Z if for
all points x ∈ X the omposite F
⊗
OX
k(x) → Homk(x)(mx/ms + m
2
x,k(x)) →
Homk(x)(I/mxI,k(x)) is injetive, where I is the ideal of Z.
(3) An S-map f :X → Y is a quotient of F if F is the relative tangent sheaf of
it and OY onsists of the F-onstants (the setions annihilated by the loal setions
of F) of f∗OX .
Remark: (1) When f is smooth, the injetivity ondition simply says that F is a
subbundle of TX/S so this orresponds to the already established notion.
(2) Note that a smooth foliation is transverse to every losed point.
(3) It is not lear that our denition is the right one in the mixed harater-
isti ase. The reason is that we do not know what to do with the ondition of being
losed under p'th powers. On the one hand it makes no sense in harateristi zero,
on the other hand in the mixed harateristi situation, the redution modulo p of a
smooth foliation should be a smooth foliation and hene some ondition is needed.
One ould require that for D in the foliation Dp should be of the form E + pF for
p a prime, F a dierential operator and E in the foliation but that seems rather
artiial.
A similar problem ours when later in this setion we shall onsider divided
power foliations. Again, if the divided power struture is trivial, i.e., when the
divided power ideal is the zero ideal one needs some p-integrability ondition. On
the other hand, even in positive harateristi p the p-integrability for divided power
derivations does not make sense as the p'th power of a divided power derivation is
not a divided power derivation. However, our denition turns out to be adequate
for the purposes of this paper.
We shall see that, just as in the smooth ase, a smooth foliation gives rise
to a at innitesimal equivalene relation on X . We start with a preliminary result
on modules.
Suppose that (A,m,k) be a loal ring and that M,N are A-modules with
N a nitely generated. Assume given an A-homomorphism φ : N → M∗ :=
HomA(M,A) and denote by φ
∗
the omposite homomorphism M →M∗∗ → N∗.
Lemma 2.4 Assume that either the map φ¯ = φ
⊗
1 : N/mN → Homk(M/mM,k)
indued by φ is injetive or N = M∗ and φ¯ is surjetive. Then the following are
true.
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(1) φ is injetive and N is free.
(2) M is a diret sum M1
⊕
M2 suh that M
∗
1 is identied with φ(N), N
and M2 are mutual annihilators and N/mN and M2/mM2 are mutual annihilators.
(3) Given elements m1, . . . ,mn of M1, they form a basis for M1 if and
only if the elements φ∗(m1), . . . , φ
∗(mn) form a basis of N
∗
, or if and only if
φ∗(m1), . . . , φ
∗(mn) map to elements forming a basis of Homk(N/mN,k) under
the natural homomorphisms N∗ → Homk(N/mN,k).
PROOF: Assume rst that φ¯ is injetive. Let n := dimkN/mN and pik elements
m1, . . . ,mn ofM suh that the omposite of φ¯ and the map Homk(M/mM,k)→ k
n
given by evaluation at the residues mi ∈ M/mM is an isomorphism. This gives
us a map An → M given by (ri) 7→
∑
i rimi. Evaluation at the mi gives its
transpose M∗ → An and the omposite N → M∗ → An indues an isomorphism
upon redution modulo m. By Nakayama's lemma it is then surjetive and by the
projetivity of An and Nakayama's lemma again it is an isomorphism. This shows
thatN is a diret fator ofM∗ as well as isomorphi toAn. By onstrution the basis
(ni) of N thus onstruted is dual to {mi} so that the omposite A
n (mi)−→ M
(ni)
−→ An
is the identity and hene the mi generate a diret summand of M . This shows that
M is isomorphi to M1
⊕
M2 in suh a way that N → M
∗
is the transpose of the
projetion M1
⊕
M2 → M1. Using this desription the seond statement is lear
and the last is obvious.
If instead N = M∗ and φ¯ is surjetive then we an hoose m1, . . . ,mn ∈
M whih form a basis for M/mM and then by assumption nd f1, . . . , fn ∈ M
∗
suh that fimj ≡ δij mod m. This gives a map M → A
n
whih is surjetive by
Nakayama's lemma and then an isomorphism as it is split. In partiular we have
the rst situation and the results already obtained apply.
An immediate onsequene of this lemma is that the tangent sheaf is a
smooth foliation under onditions weaker than those of the denition.
Proposition 2.5 Let f :X → S be a morphism of nite type of noetherian (formal)
shemes. If for every point x of X the map TX/S,x → Homk(x)(mx/mf(x)+m
2
x,k(x))
is surjetive, then TX/S is a smooth foliation.
PROOF: By (2.4) the ondition implies that the natural evaluation homomorphism
TX/S,x
⊗
k(x)→ Homk(x)(mx/mf(x) +m
2
x,k(x)) is an isomorphism.
Denition 2.6 The map f is tangent smooth when TX/S is a smooth foliation.
We now show that smooth foliations on a singular variety behave muh like
smooth foliations on a smooth variety.
Theorem 2.7 Let f :X → S be a morphism of nite type of (formal) shemes with
S noetherian and F be a smooth foliation for f transverse to a losed subsheme Z
of X .
(1) Loally Ω1X/S splits as a sum G
′
⊕
G′′, where G′ is free with a basis of the
form dxi, F = (G
′)∗ and F is identied with the annihilator of G′′. In partiular,
F is loally free and loally TX/S splits as F
⊕
(G′′)∗. Furthermore, at a point of Z
the xi an be hosen to lie in IZ .
(2) If S is over SpecQ let Xˆ be the formal ompletion of X along Z and Sˆ
that of S along the image of Z. Then the restrition of F has a quotient Xˆ → Y
whih is formally smooth and the omposite Z → Xˆ → Y is an embedding. If
F = TX/S (whih is possible preisely when f is tangent smooth) then the struture
map Y → Sˆ is an immersion.
(3) If S is over SpecFp then F has a quotient X → Y whih is at and
the omposite Z → X → Y is an embedding. Loally X → Y has the form
SpecOY [t1, . . . , tn]/(t
p
1 − f1, . . . , t
p
n − fn) with the ti vanishing on Z.
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PROOF: For the rst part, Lemma 2.4 shows that Ω1X/S = M1
⊕
Ann(F) with
M1 = F
∗
. Moreover, for all x ∈ Z there exist x1, . . . , xn ∈ IZ and D1, . . . , Dn ∈ F
suh that D1, . . . , Dn give a basis of F
⊗
k(x) and the matrix (Di(xj) (mod mx))
is an invertible n× n matrix over k(x). This ompletes the proof of (2.7 1).
Suppose that we are over SpecQ. We use a slight modiation of the proof of
a result of Zariski, Lipman and Nagata ([M86, p. 230℄). Sine quotients are unique,
when they exist, it is enough to work loally on Z. By assumption and (1) we an,
on an ane neighbourhood SpecA of a point x ∈ Z, nd a basis D1, . . . , Dn of F
and funtions x1, . . . , xn vanishing on Z suh that Dixj = δij . This implies that
[Di, Dj ]xk = 0, so that [Di, Dj] ∈ Ann(G
′). Sine the vetor elds [Di, Dj ] lie in F ,
by assumption, and F = Ann(G′′), it follows that [Di, Dj] = 0 for all i and j.
We write X̂ = Specf R and Ŝ = Specf Λ. Let Gˆ denote the formal group
Ĝna = Specf Λ
[
[t1, . . . , tn]
]
, with formal o-multipliation ti 7→ ti⊗ˆ1 + 1⊗ˆti. Then
the (ontinuous extensions of the) derivations Di dene an ation of the formal
group Ĝ on Specf R by the formal o-ation
r 7→
∑
α∈Nn
tα
α!
Dα(r),
That this is a o-ation follows from the fat that [Di, Dj ] = 0. We also dene a
map s:Specf R → Ĝna given by ti 7→ xi. The ondition that Dixj = δij is then
preisely that s is equivariant and we may now apply (2.1).
Finally, assume that F = TX/S . Then the surjetivity of Λ→ C, where C ⊂
R is the ring of F-invariants, follows beause modulo (x1, . . . , xn) it is surjetive.
The harateristi p ase is done similarly. We work loally on X and get
Di and xj in the same way, as well as the relation [Di, Dj ] = 0. Moreover, D
p
i is a
linear ombination of the Dj whih gives the relation D
p
i = 0. The formula
r 7→
∑
0≤αi<p
tα
α!
Dα(r),
where the ti are parameters on α
n
p = Speck[t1, . . . , tn]/(t
p
1, . . . , t
p
n), denes an a-
tion of αnp on X . This time however the xi do not neessarily give a map to α
n
p as
we may not have xpi = 0. Instead we onsider the α
n
p -torsor Speck[r1, . . . , rn] →
Speck[s1, . . . , sn] given by si 7→ r
p
i and the Lie algebra of α
n
p ating as ∂/∂ri.
Then X → SpecOS [r1, . . . , rn] given by ri 7→ xi is an equivariant map and as
αnp ats freely on SpecOS [r1, . . . , rn] it does so on X . As α
n
p is a nite group
sheme there is no problem with taking the quotient and we have a quotient map
X → Y and an indued map Y → SpecOS [s1, . . . , sn]. Being a map between
group torsors this mean that X is the bre produt of Y → SpecOS [s1, . . . , sn] and
SpecOS [r1, . . . , rn] → SpecOS [s1, . . . , sn] whih gives the desired result. Again
the laim made about Z is lear.
We an apply the theorem to the ase where TX/S is a smooth foliation. In
that ase we also get a result in the mixed harateristi ase.
Corollary 2.8 Let f :X → S be a dominant morphism of nite type of (formal)
shemes with S noetherian.
(1) If f is smooth then f is tangent smooth.
(2) Ω1X/S is loally free if and only if f is tangent smooth.
(3) If S is over SpecQ and f is tangent smooth then f is smooth.
(4) If S is over Fp then f is tangent smooth if and only if for every point
x ∈ X and s := f(x) there is an isomorphism ÔX,x ∼= ÔS,s
[
[t1, . . . , tn]
]
/(fi), where
fi(t1, . . . , tn) = gi(t
p
1, . . . , t
p
n) for some gi ∈ ÔS,s
[
[t1, . . . , tn]
]
.
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(5) If OS is torsion-free and f is tangent smooth then f is smooth.
PROOF: (3) and (4) follow diretly from the theorem and (2.5) together (in the
harateristi zero ase) with the fat that a dominant immersion is étale.
For the last part, we may loalize X and S and then omplete, to get X =
Specf R and S = Specf Λ. Then hoose t1, . . . , tn in the maximal ideal mR of R
that map to a basis of the otangent spae t∗R/Λ = mR/(m
2
R+mΛ) and dene a map
O := Λ
[
[T1, . . . , Tn]
] pi
→ R with π(Ti) = ti. Then π is surjetive.
Sine Λ is torsion-free, there is an embedding Λ → K, where K is a nite
diret produt of harateristi zero elds. There is a ommutative diagram
O
pi
−→ R
↓ ↓
K
[
[T1, . . . , Tn]
] pi1−→ R⊗̂ΛK,
where R⊗̂ΛK is the tensor produt ompleted in the (t1, . . . , tn)-adi topology.
Sine π1 is an isomorphism, by (3), and O → K
[
[T1, . . . , Tn]
]
is injetive, it follows
that π is injetive.
We have put the positive harateristi ase alongside the harateristi zero
and mixed harateristi ase but in atuality it is rather dierent and we nish
this setion with a disussion speial to that ase.
We shall say that a loal ring (R,m) with pR = 0, p a prime, is of height 1 if
fp = 0 for all f ∈ m. We shall also use the notation m(p) for the ideal generated by
the p'th powers of elements of m. It is then lear that R/m(p) is the largest height
1 quotient of R. We shall also say that R is formally height 1-smooth if it has the
innitesimal lifting property with respet to maps into height 1 loal rings.
Proposition 2.9 Let p be a prime and (R,m) a loal noetherian ring with pR = 0
and perfet residue eld k. The following onditions are equivalent:
(i) R is formally height 1-smooth.
(ii) R/m(p) is of the form k
[
[t1, . . . , tn]
]
/(t1, . . . , tn)
(p)
for some n.
PROOF: This is ompletely analogous to the similar relation between the innites-
imal lifting property and formal smoothness:
We may assume that R is omplete and then, as k is perfet, R ontains k and
is thus the quotient of k
[
[t1, . . . , tn]
]
with n minimal. We then use the height 1 lift-
ing property for the map k
[
[t1, . . . , tn]
]
/(t1, . . . , tn)
(p) → k
[
[t1, . . . , tn]
]
/(t1, . . . , tn)
2
to get a map R → k
[
[t1, . . . , tn]
]
/(t1, . . . , tn)
(p)
. This indues a map R/m(p) →
k
[
[t1, . . . , tn]
]
/(t1, . . . , tn)
(p)
whose omposite with k
[
[t1, . . . , tn]
]
/(t1, . . . , tn)
(p) →
R/m(p) is an automorphism of k
[
[t1, . . . , tn]
]
/(t1, . . . , tn)
(p)
.
As mentioned in the introdution, when applying our results to deformation
of Calabi-Yau varieties we shall want to restrit ourselves to deformations over
elements of CΛ whih have a divided power struture on their maximal ideals. As
should perhaps be no surprise the results of this setion beome more uniform (and
hene more like the results in harateristi 0) if we modify our arguments by using
divided powers.
We need to reall some fats about ontinuous derivations and dierentials
for ontinuous maps of topologial divided power pairs (Λ, J) → (R, I). A (on-
tinuous) divided power derivation onsists of a (topologial) module M over R
and a (ontinuous) Λ-linear map D:R → M suh that D(rs) = rD(s) + sD(r)
and Dγn(i) = γn−1(i)D(i) for all r, s ∈ R and i ∈ I. There then is a universal
(ontinuous) divided power derivation d:R → Ω1,DPR/Λ . It has the property that if
mR ⊇ I is a maximal ideal that indues a maximal ideal mΛ of Λ suh that the
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residue eld extension is separable then Ω1,DPR/Λ
⊗
R/mR is (anonially) isomorphi
to mR/m
2
R + I
[2] +mΛ.
Denition 2.10 A map (Λ, J)→ (R, I) as above is of nite type if it arises from
taking DP envelopes, or the pro-artinian ompletions of these, of an essentially nite
type homomorphism.
Lemma 2.11 If (Λ, J)→ (R, I) is a ontinuous map of topologial divided power
pairs, then Ω1,DPR/Λ is a nitely generated R-module.
For a (ontinuous) map of (topologial) divided power pairs (Λ, J)→ (R, I)
we let DerDPR/Λ, whih we shall also denote T
DP
R/Λ, onsist of the (ontinuous) divided
power derivations of R. The pair (R[ǫ], I[ǫ]) has a unique (topologial) divided
power struture extending that of (R, I) and having γn(ǫ) = 0 if n > 1. It is then
easy to see that a (ontinuous) divided power map R → R[ǫ] whih is the identity
modulo ǫ is the same thing as a (ontinuous) divided power derivation of R.
There is now an obvious extension of the notions of a smooth foliation and a
tangent smooth map to the divided power ase. We express this in a global ontext.
Denition 2.12 Suppose that (X,Y )→ (S, T ) is a divided power map of divided
power pairs of (formal) shemes and that the residue elds of all losed points are
perfet.
(1) A smooth DP foliation (transverse to Y ) on the map is an OX -submodule
F of TDPX/S whih is losed under ommutators suh that for all losed points x ∈ X \
Y the natural map F/mxF → Homk(x)(mx/m
2
x+ I
[2]+mf(x),k(x)) is injetive and
for eah losed point y ∈ Y the indued map F
⊗
k(y)→ Homk(y)(IY
⊗
k(y),k(y))
is injetive.
(2) The map is DP tangent smooth if TDPX/S is a smooth DP foliation.
There are immediate analogues of Proposition 2.5 and Theorem 2.7 1. We
give these together in the next lemma. The proofs are idential, so omitted.
Lemma 2.13 Suppose that f : (X,Z) → (S, T ) be a nite type divided power
morphism of (formal) divided power shemes.
(1) If for any point x of X , the map TDPX/S,x → Homk(x)(mx/(mf(x) + m
2
x +
I
[2]
Z ),k(x)) is surjetive, then TX/S is a smooth DP foliation.
(2) Suppose that F is a smooth DP foliation for f transverse to Z. Then,
loally on X , we have Ω1,DPX/S = G
′
⊕
G′′, where G′ is free with a basis of the form
{dxi}, F = (G
′)∗ and F is identied with the annihilator of G′′. In partiular, F is
loally free and loally TDPX/S splits as F
⊕
(G′′)∗. Furthermore, at a point of Z the
xi an be hosen to lie in IZ .
Now x a omplete DP loal ring Λ and onsider the ategory C of loal
pro-DP-artin Λ-algebras R with a setion R → Λ and the further property that
ker(R→ Λ) is (topologially) DP-nilpotent. This ategory has nite sums, denoted
by ⊗ˆ, whose onstrution is left to the reader.
Lemma 2.14 If A ∈ C, the DP envelope Γ of the pair (A[t1, . . . , tn], (t1, . . . , tn))
has a DP struture on the maximal idealm generated, as a DP ideal, by (mA, t1, . . . , tn)
and the ring A〈〈t1, . . . , tn〉〉 onstruted as the pro-DP-artin ompletion of Γ at m
lies in C.
PROOF: Denote by M the free A-module with basis {t1, . . . , tn}. Then Γ =⊕
Γn(M) and A〈〈t1, . . . , tn〉〉 =
∏
Γn(M). Now the result, in partiular the fat
that A〈〈t1, . . . , tn〉〉 is (t1, . . . , tn)-DP-adially separated, is lear.
12 T. EKEDAHL AND N. I. SHEPHERD-BARRON
Theorem 2.15 (1) Suppose that F is a smooth DP foliation for the objet Λ→ R
of C, transverse to the given setion Specf Λ of Specf R. Put Λ′ = RF , the ring
of F-invariants. Then Λ′ is in C and R is isomorphi to Λ′〈〈t1, . . . , tn〉〉.
(2) Assume that k is a perfet eld of positive harateristi p and let (Λ,mΛ)
be a loal k-algebra whose residue eld is a nite extension of k. Assume that its
divided power hull is DP tangent smooth over k. Then it is height 1 smooth.
(3) Assume that Λ0
f
→ R → Λ1 are loal maps of noetherian loal rings,
that the indued extensions of residue elds are nite, that Λ0 is torsion-free and
that Λ0 → Λ1 is slightly ramied. Suppose that fˆ : Λ̂0 → R̂ is the indued
homomorphism between the pro-DP-artin ompletions of the DP envelopes of the
rst two rings. If fˆ is DP tangent smooth, then f is formally smooth.
PROOF: The proof of the rst statement is essentially idential to what has already
been proven in harateristi zero; we get ommuting generators D1, . . . , Dn of F
and topologial DP generators x1, . . . , xn of ker(R → Λ) suh that Di(xj) = δij .
The dierene is that the formal group Ĝna must be replaed by the ommutative for-
mal group Ĝ = Specf Γ̂, where Γ̂ = Λ〈〈t1, . . . , tn〉〉 and the formal o-multipliation
is ti 7→ ti⊗ˆ1 + 1⊗ˆti. There is a formal o-ation R̂→ R̂ ⊗ˆ Γ̂ given by
r 7→
∑
Dα(r) ⊗ˆ γα(t),
where α = (α1, . . . , αn) and γα(t) = γα1(t1) · · · γαn(tn). (The (t1, . . . , tn)-DP-adi
separation is needed to ensure the onvergene of this formula.) As in harater-
isti zero, there is, beause R̂ is (x)-DP-adially separated, a Ĝ-equivariant map
s:Specf R̂→ Ĝ given by ti 7→ xi, and we onlude by (2.1) and (2.2).
As for (2) as the residue eld of Λ is also perfet we may assume that it
equals k. we may hoose elements basis t1, . . . , tn ∈ mΛ suh that they form a basis
for mΛ/m
2
Λ. We then have a surjetive ring homomorphism k
[
[t1, . . . , tn]
]
→ Λ. Let
R be the divided power hull of Λ. Using the notations of the rst part we then have
R −˜→ Λ′〈〈t1, . . . , tn〉〉 and we have a k-homomorphism Λ
′ → k. Composing we
get maps k
[
[t1, . . . , tn]
]
/m(p) → Λ/m
(p)
Λ → k〈〈t1, . . . , tn〉〉/m
[p]
and as the omposite
is an isomorphism, the rst map is injetive and as it is also surjetive it is an
isomorphism. We then onlude by Proposition 2.9.
For the last part, we an assume that the rings are omplete. We let Λ̂i
denote the pro-DP-artin ompletion of the DP hull of (Λi,mΛi). Moreover, after
replaing Λ1 by its image in Λ̂1, we an assume that Λ1 injets into Λ̂1. Of ourse,
Λ0 injets into Λ1.
Choose x1, . . . , xn ∈ mR that map to a basis of the otangent spaemR/(m
2
R+
mΛ0). Then there is a surjetion π : O0 := Λ0
[
[t1, . . . , tn]
]
→ R with ti 7→ xi. Say
J = kerπ; then J ⊂ m2O0 +mΛ0O0.
Put R1 = R ⊗̂Λ0 Λ1 and O1 = O0 ⊗̂Λ0 Λ1. Write xi for xi ⊗̂ 1 and ti for
t1 ⊗̂ 1. Let Ô1, resp., R̂1, be the (t)-DP-nilpotent, resp. (x)-DP-nilpotent, pro-artin
DP-ompletion of O1, resp. R1. Then the sequene Λ1 → O1 → R1 → Λ1 maps to
a sequene Λ̂1 → Ô1 → R̂1 → Λ̂1. Then (1) (more preisely, its proof) shows that
πˆ1 : Ô1 → R̂1 is an isomorphism.
Consider the square
O1
pi1−→ R1
↓ ↓
Ô1
pˆi1−→ R̂1.
Now O1 is, as a Λ1-module, the diret produt
∏
Sm(M), where M is the free
Λ1-module with basis {t1, . . . , tn}, while Ô1 is, as a Λ̂1-module, the diret produt∏
Γm(M ⊗Λ1 Λ̂1). Sine Λ0 is torsion-free, the natural map O1 → Ô1 given by
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tm 7→ m!γm(t) is injetive. Sine πˆ1 is an isomorphism, it follows that π1 is injetive,
so an isomorphism.
Next, onsider the ommutative diagram with exat rows
0 → J → O0
pi
−→ R → 0
↓ ↓ ↓
0 → J1 → O1
pi1−→ R1 → 0.
Sine π1 is injetive and Λ0 → Λ1 is injetive, O0 → O1 is injetive, and so, by the
snake lemma, J = 0.
3 The tangent lifting property
In preparation for the study of deformations of Calabi-Yau manifolds we shall say
that F fullls the divided power tangent lifting property (abbreviated to DPTLP) if
F (A[ǫ])→ F (A)× F (k[ǫ])
is surjetive for all A ∈ CΛ for whih the pair (A,mA) admits a divided power
struture. Note that under ondition H2 on F this is equivalent to F (A[ǫ]) →
F (A×k k[ǫ]) being surjetive.
Proposition 3.1 Let Λ be omplete loal ring with residue eld k, a perfet eld,
and assume that F :CΛ → Sets is a ovariant funtor from the ategory of loal
artinian Λ-algebras with residue eld k to the ategory sets suh that F (k) is a point
(we all this ondition H0) and F fullls the onditions (H1-H3) of Shlessinger (f.
[Sh68, Thm. 2.11℄). Let R be a hull for F .
(1) Let π:H → G be a formally smooth map between funtors CΛ → Sets
that both fulll onditions H0 and H2. Then H fullls the (divided power) tangent
lifting property preisely when G does. In partiular F fullls the (divided power)
tangent lifting property preisely when hR does (where hR(A) = HomΛ(R,A)).
(2) hR fullls the tangent lifting property preisely when R is tangent smooth.
(3) hR fullls the divided power tangent lifting property preisely when
Γˆ(R,mR) is divided power tangent smooth.
Remark: It will be lear from the proof that other onditions than H2 would also
give (1), for instane that H(k[ǫ])→ G(k[ǫ]) is a bijetion.
PROOF: Assume that G has the tangent lifting property. Suppose A ∈ CΛ, and
φ ∈ H(A×k k[ǫ]). We must, by the omment made at the beginning of this setion,
nd Φ ∈ H(A[ǫ]) with Φ 7→ φ. Let ξ ∈ G(A ×k k[ǫ]) be the image under π of
φ. By the tangent lifting property there is a Ξ ∈ G(A[ǫ]) mapping to ξ. By the
formal smoothness of π and the fat that A[ǫ] → A ×k k[ǫ] is surjetive there is a
Φ ∈ H(A[ǫ]) mapping to Ξ and φ. The onverse is similar (but easier). The last
statement of (1) follows from the fat that as R is a hull there is a formally smooth
map hR → F .
Turning to (2) assume that hR has the tangent lifting property. Write R =
lim
←−
Rα as a limit of loal artinian rings with surjetive transition maps induing
an isomorphisms on otangent spaes. Given v ∈ tR and an index α there is a
Λ-derivation D:R→ Rα induing the given v on otangent spaes. The set of suh
derivations is a oset for the kernel of the map HomR(Ω
1
R/Λ, Rα)→ Homk(mR/m
2
R+
mΛ,k). That kernel is of nite length as R-module so by linear ompatness there
is an element D of lim
←−
HomR(Ω
1
R/Λ, Rα) mapping to v. The D orresponds to an
inverse system of derivationsDα:R→ Rα and passing to the limit gives a derivation
R→ R. The onverse is lear.
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In the divided power ase we let (Rˆ, mˆ) ∈ ĈΛ be the ompleted divided power
hull of (R,m). By denition we have Rˆ = lim
←−
Rα, where Rα form an inverse system
of divided power loal artinian algebras (and divided power maps between) induing
an isomorphisms on (divided power) otangent spaes. Fix a v ∈ tDP
Rˆ
= tR. For
any given α we may onsider the omposite R → Rˆ → Rα and by the divided
power tangent lifting property there is a ring homomorphism R → Rα[ǫ] induing
v on otangent spaes. We may give Rα[ǫ] the divided power struture whih is
the given one on the maximal ideal of Rα and for whih all higher divided powers
of ǫ are zero. By the universal property of Rˆ this extends to a divided power map
Rˆ→ Rα[ǫ] reduing modulo ǫ to the given one. This then orresponds to a divided
power derivation Rˆ→ Rα induing v on otangent spaes. The rest of the argument
is then the same as for (2).
Combining this result with those of the previous setion we get Theorem A.
PROOF of Theorem A: The result follows from (3.1) and Corollary 2.8 together
with the observations that in the positive harateristi ase, if some fi 6= 0 then
it is a non-zero nilpotent element of k
[
[t1, . . . , tn]
]
/(fpi ) whose support is all of
Speck
[
[t1, . . . , tn]
]
/(fpi ) and that in the mixed harateristi ase the existene of
Λ1 fores Specf R→ Specf W to be dominant.
PROOF of Theorem B: This is a diret orollary of Proposition 3.1.
4 Deformation of Calabi-Yau varieties
The results of the previous setion an now be applied to the deformation of varieties
and in partiular to Calabi-Yau varieties.
Proposition 4.1 Let X be a proper smooth variety over a perfet eld k and let
Λ be a omplete loal ring with residue eld k. Suppose that for any deformation
X → SpecA of X over an algebra A ∈ CΛ, the redution map H
1(X , TX/A) →
H1(X,TX/k) is surjetive. Then the funtor of deformations of X over elements of
CΛ has the tangent lifting property.
PROOF: The proposition follows diretly from (0.1) and the usual obstrution the-
ory.
Remark: In the proof of [M86, p. 230℄ a simultaneously weaker and stronger result
is obtained. It an be reformulated as saying that if R is a omplete loal ring in
harateristi zero and the image of TR → HomR/mR(mR/m
2
R, R/mR) has dimen-
sion k, then R is isomorphi to S
[
[t1, . . . , tk]
]
for some omplete subring S of R.
(Similar results an be shown in positive and mixed harateristi.) Applied to the
deformation hull R of a smooth and proper variety (still in harateristi zero) it
shows that if k is the dimension of the image of H1(X , TX )→ H
1(X,TX), where X
is a miniversal deformation, then R is of the form S
[
[t1, . . . , tk]
]
. Not muh seems
to be known about this invariant. Can it, for instane, be trivial for a non-rigid
surfae X?
The appliation in harateristi zero of this result (or the orresponding re-
sult for the T 1-lifting property) to Calabi-Yau varieties is through two fats. First
that any deformation of a smooth proper variety with ωX trivial has a trivial relative
ω and seond that the tangent lifting property is true as it omes down to a lifting
property of Hodge ohomology whih is always true. In positive harateristi nei-
ther of these fats remain true. An α2-Enriques surfae whih has trivial ω deforms
to a Z/2-Enriques surfae whose ω has order 2. Similarly Hodge ohomology does
not always have the lifting property (though we do not know of any examples where
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the ω stays trivial in the family). However, if one denes Calabi-Yau varieties (as
does Hirokado, f. [Hi99℄) by the ondition that ωX be trivial and H
i(X,OX) = 0
for 0 < i < dimX then any innitesimal deformation of a Calabi-Yau variety has
trivial relative ω in any harateristi. Still it is not lear whether under that as-
sumption the tangent lifting property is automati. Hene rather than formulating
a highly onditional result we will give a weaker result that still is true under rather
weak onditions and is the most diret generalisation of the arguments used in har-
ateristi zero. (For the sake of ompleteness as well as omparison we also give the
harateristi zero result.)
Proposition 4.2 Let X be a smooth and proper purely n-dimensional variety
over a perfet eld k with ωX trivial. Let F be the deformation funtor of X over
some omplete loal ring Λ with residue eld k. When chark = p > 0 assume
furthermore that (Λ,mΛ) has been given a divided power struture ompatible with
the anonial mapW(k)→ Λ and the unique divided power struture on (W, pW).
(1) If chark = 0 then F has the tangent lifting property.
(2) If chark = p > 0, pΛ = 0, and dimkH
n
DR(X/k) =
∑n
i=0 h
in−i
X then F
has the divided power tangent lifting property.
(3) If chark = p > 0 and bn(X) =
∑n
i=0 h
in−i
X then F has the divided power
tangent lifting property.
PROOF: In all ases we want to prove rst that the relative ω remains trivial over
deformations of X over some rings of CΛ. If so, then for a deformation X → S over
one of these rings H1(X , TX/S) equals H
1(X ,Ωn−1X/S) and then we want to prove
that H1(X ,Ωn−1X/S) → H
1(X,Ωn−1X/k) is surjetive. Both would follow if we ould
show that Hi(X ,Ωn−iX/S) ommutes with base hange for all 0 ≤ i ≤ n. For the rst
part this is [De68, Thm. 5.5℄ for all rings in CΛ.
The only ase where harateristi zero is used in [lo. it.℄ is for the degen-
eration of the Hodge to de Rham spetral sequene and the fat that HnDR(−/−)
ommutes with base hange. The only onsequene of the degeneration that is
used is exatly that dimkH
n
DR(X/k) =
∑n
i=0 h
in−i
X . On the other hand, let us
reall some results from rystalline ohomology: If A ∈ CΛ and X → SpecA
is a deformation of X , and if (A,mA) has a divided power struture ompat-
ible with that of Λ then RΓ(X ,Ω·X/A) is isomorphi to RΓ(X/W)
⊗L
W
A resp.
to RΓ(X,Ω·X/k)
⊗L
k
A if pΛ = 0 (f. [Be74, Cor. V:3.5.7℄). Consider rst the
ase when pΛ = 0. Then using the fat that the H∗DR(X/k) are at k-modules
(as all k-modules are) we get that H∗DR(X/A) = H
∗
DR(X/k)
⊗
k
A and as also
dimkH
n
DR(X/k) =
∑n
i=0 h
in−i
X Deligne's argument applies. In the general ase,
the ondition bn(X) =
∑n
i=0 h
in−i
X is equivalent to H
i
crys(X/W) being torsion free
for i = n, n + 1 and dimkH
n
DR(X/k) =
∑n
i=0 h
in−i
X . The rst part implies that
HnDR(X/A) = H
n
crys(X/W)
⊗
W
A so again Deligne's argument applies.
We have now enough results to prove Theorem C.
PROOF of Theorem C: This is proved by ombining (4.2), (3.1) and speially The-
orem B for the ase of positive and mixed harateristi deformations.
We do not know of any example of a Calabi-Yau variety fullling our ondi-
tions, yet having an obstruted deformation spae. We shall nish this setion by
a global result that shows that suh examples would have to be quite isolated.
Proposition 4.3 (1) Let k be a perfet eld of positive harateristi p, S a on-
neted k-sheme of nite type and f :X → S a smooth and proper morphism of
pure dimension n that is versal at all of the points of S. Assume that for eah s ∈ S
dimk(s)H
n
DR(Xs/k(s)) =
∑
i+j=n h
ij(Xs), that dimk(s)H
n
DR(Xs/k(s)) is indepen-
dent of s, and that there is one point s ∈ S for whih ωXs is trivial. Then S is
either a smooth k-variety or S is non-redued at all its points.
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(2) Suppose instead that S is a W(k)-sheme everywhere versal over W and
that S := S
⊗
W
k is onneted. If bn(Xs) =
∑
i+j=n h
i,j(Xs) for all s ∈ S, ωXs
is trivial for some s ∈ S, Xt has a formal lifting over a torsion-free base for some
t ∈ S and S is somewhere smooth, then S is smooth over W.
PROOF: For the rst part, we begin by noting that the funtions s 7→ hin−iXs are
onstant. For this it is enough to show that they take the same value under a speial-
isation but they rise under speialisation under semi-ontinuity but by assumption
their sum is onstant. From this it follows in partiular that setions of ωXs lift to
a generisation so that the set of points for whih ωXs is trivial is open. As it is also
losed it equals S by assumption. Hene we get also that s 7→ dimk(s)H
1(Xs, T
1
Xs
)
is onstant on S.
Assume now that S is redued somewhere. Then there is an irreduible
omponent Z of S meeting the smooth lous Reg(S) of S; sine S is onneted, it
is enough to show that S is smooth at every point s of Z.
Suppose that g:Y → D is miniversal at d ∈ D with Yd ∼= Xs. Then, after
shrinking (in the étale topology) S and D appropriately, there is a smooth surjetive
morphism S → D with s 7→ d. Considering the omposite Z → S → D shows that
Reg(D) is not empty and that the funtion e 7→ h1(Ye, T
1) is onstant on D. Let
e ∈ Reg(D). Then dime(D) ≥ h
1(Ye, T
1), sine g is versal everywhere, and
dime(D) ≤ dimd(D) ≤ h
1(Yd, T
1) = h1(Ye, T
1).
So equality holds throughout, and we are done.
As for the last part we begin by noting that s 7→ bn(Xs) is loally onstant
by smooth and proper base hange and hene onstant by the onnetedness of S.
Hene by the rst part S is everywhere smooth. Assume that we an show that
for every s ∈ S a deformation hull fullls is tangent smooth (over W). Then by
Corollary 2.8 the losure of S
⊗
W
W[1/p] interseted with S is open and as it is
obviously is losed and non-empty by assumption it equals S.
By Proposition 3.1 a deformation hull R is tangent smooth preisely when
the deformation funtor fullls the TLP. To prove it, it sues, as in the proof
of Proposition 4.2, to show that HnDR(X/T ) is free of rank bn(Xs) for all defor-
mations X/T of Xs, s ∈ S. For this we may work loally and assume that S is
the redution of a smooth W-sheme S′ and we may also assume that we have a
W-homomorphism R′ := ÔS′,s → R. By [B-O78, Prop. 3.15℄ there is a (unique)
divided power struture on (R′, pR′) ompatible with the standard struture on
W (for the struture map W → R). The same thing is true for R and the map
R′ → R is a divided power map. Let us rst onsider the rystalline ohomology
RΓ(X/S′). It is a perfet omplex of OS′ -modules (f. [Be74, Thm. VII:1.1.1℄). For
eah geometri point t ∈ S we then have that RnΓ(X/S′)
⊗L
W(k(t)) = Hn(Xt/W)
(f. [Be74, Cor. V:3.5.7℄) and as that by assumption is free of rank bn we get by
Grauert's theorem RnΓ(X/S′) is a free OS′ and ommutes with base hange. For
any deformation X → T we have a map T → Specf R suh that X is the pull bak
of a versal family and then Hn(X/T ) = RnΓ(X/S′)
⊗
OT again by [Be74, Cor.
V:3.5.7℄.
PROOF of Theorem D: The harateristi p part follows diretly from the proposition
while the mixed harateristi part follows from it one one has notie that for points
in the losure of the harateristi 0 lous we have by denition a torsion free lifting.
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